
First Example

sortednessTester(A, n)
A: array of size n with distinct items
1. for i ← 1 to n−1 do
2. if A[i−1] > A[i ] then return false
3. return true

Runtime is proportional to the number of comparisons.

T avg(n) = 1
n!
∑

π∈Πn

T (π) = 1
n!

n−1∑
k=1

k · (# permutations with exactly k comps)

Let πk be the number of permutations with at least k comparisons.

= 1
n!

(n−1∑
k=1

k · πk −
n−1∑
k=1

k · πk+1

)

Esfahani, Jamshidpey, Petrick (SCS, UW) CS240 – Module 3 Intro Example Spring 2022 1 / 3



First Example

The number of permutations with at least k comparisons:
k = 1: at least 1 comparison ⇒ all n!
k = 2: A[0] < A[1] index 0 and 1 occur in sorted order in π
Example: sorting permutation π = [4, 3, 2, 0, 1] or [4, 0, 3, 2, 1], etc.
⇒
(n

2
)

(n − 2)!
k = 3: indices 0, 1, 2 occur in sorted order ⇒

(n
3
)

(n − 3)!
k: 0, 1, . . . , k occur in sorted order ⇒

(n
k
)

(n − k)! = n!
k!

1
n!

(n−1∑
k=1

k · πk −
n−1∑
k=1

k · πk+1

)
= 1

n!

(n−1∑
k=1

k · n!
k! −

n−1∑
k=1

k · n!
(k + 1)!

)
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First Example

T avg(n) = 1
n!

(n−1∑
k=1

k · n!
k! −

n−1∑
k=1

k · n!
(k + 1)!

)

= 1
n! (π1 + π2 + π3 + . . . + πn−1 − (n − 1)πn)

= 1
n! (π1 + π2 + π3 + . . . + πn−1)

= 1
n!

(n−1∑
k=1

πk

)
= 1

n!

(n−1∑
k=1

n!
k!

)

=
n−1∑
k=1

1
k! < e ≈ 2.8 by Taylor expansion

Average runtime of sortednessTester is O(1).
Also, clearly Ω(1), so, Θ(1).
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