
CS466/666, Fall 2011: Assignment 2Out: O
tober 5, Due: O
tober 19, 5pm1. Finding minimum and maximum: (10 marks) Re
all from 
lass that �nding theminimum and maximum of a given set of n items takes at least 32n � 2 
omparisons(for any deterministi
, 
omparison-based algorithm.)Design a (deterministi
, 
omparison-based) algorithm that �nds the minimum andmaximum of a given set of n items and uses only d32ne � 2 
omparisons between theitems.2. Independent set: (14 marks) An independent set of a graph G is a set of verti
esI su
h that no two verti
es are adja
ent. Consider the following algorithm for �ndingan independent set:1. Compute d = 2m=n.2. For ea
h vertex v 2 V , add v to an (initially empty) set I1 with probability 1�1=d.3. Delete all verti
es in I1 (and their in
ident edges.)4. For ea
h edge e that remains in the graph, add one (arbitrary) endpoint of e to an(initially empty) set I2.5. Return I := V � I1 � I2.This assignment guides you to show that this yields a good independent set. Some ofthe steps below are nearly trivial, but write a senten
e or two anyway.(a) Argue that I is an independent set.(b) Argue that the expe
ted size of I1 is n� n=d.(
) Argue that at step 4, the expe
ted number of edges left in the graph is n=2d.(d) Argue that the expe
ted size of I2 is no more than n=2d.(e) Con
lude that the expe
ted size of the independent set is at least n2=4m.
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3. Veri�
ation of matrix inverse (10 marks) Let A = (ai;j) be an n�n-matrix. Re
allthat the inverse matrix of A is the n� n-matrix A�1 su
h that A �A�1 is the identitymatrix.Presume you are given two n � n-matri
es A and B. Give an O(n2) Monte-Carloalgorithm to test whether B = A�1. Your algorithm should have error-probability atmost 12 .4. Interse
tion of half-planes (6 marks) Let H = fh1; : : : ; hng be a set of n half-planeswhere hi = f(x; y) : y � mix+ big. where hi = f(x; y) : y � mix+ big for i = 1; : : : ; k,and hi = f(x; y) : y � mix+ big for i = k +1; : : : ; n, In other words, you are given the2n numbers m1; : : : ;mn and b1; : : : ; bn as well as the index k.Design a randomized Las Vegas algorithm that tests in O(n) expe
ted time whetherthere exists any point (x�; y�) that belongs to all half-planes.
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