
CS466/666, Fall 2011: Assignment 5Out: November 17, Due: De
ember 1, 5pmRemark: For this assignment, all algorithms you design must be deterministi
 andpolynomial-time, unless spe
i�
ally said otherwise.1. Final S
heduling (11 marks) Let P = p1; : : : ; pn be a set of professors, and S =s1; : : : ; sm be a set of students; m � n. There is also a matrix A = (ai;j), with ai;jbeing 1 if student si needs to take an oral �nal exam with professor pj . But theprofessors are very busy: ea
h professor pj has only two time slots t1j and t2j where sheis available. Students may have up to 4 �nal exams. Of 
ourse no student or professormay have two di�erent �nal exams at the same time.Given an O(mn) time algorithm to test whether the �nal exams 
an be s
heduled.Remarks: (1) You may assume that any two time slots either are identi
al or aredisjoint. (You are en
ouraged to think about where you need this - it's quite subtle!)(2) O(mn) is not the best possible run-time (if the matrix is stored as a sparse matrix),but suÆ
es for full 
redit. (3) The algorithm idea is quite simple, but there are lots oflittle details to be 
onsidered. A substantial part of the marks will be for attention todetails and the quality of explanations.2. Independent set with bounded max-degree (8 marks) Show that Independent Setis APX-hard even in graphs with maximum degree 3. Spe
i�
ally, give a value � andprove that there is no polynomial-time (1�")-approximation algorithm for IndependentSet in graphs with maximum degree 3.You may use (without proof) that Max2SAT(2L) is APX-hard. Here, Max2SAT(2L)is the spe
ial 
ase of Max2SAT where for any i = 1; : : : ; n there are at most twoo

urren
es of xi and at most two o

urren
es of xi in the 
lauses. The gap-
onstantin this APX-hardness is 1 � 12013, i.e., there is a redu
tion from SAT su
h that if theSAT-instan
e is satis�able then the Max2SAT(2L)-instan
e has all 
lauses satis�ed,and if the SAT-instan
e is not satis�able then the Max2SAT(2L)-instan
e has at most(1� 12013)#
lauses satis�ed.3. Independent Set of Unit Squares (10 marks) Let S be a set of unit squares in 2-d,i.e., every element in S is a set [x; x+1℄� [y; y+1℄ for some x; y 2 R. The independentset in unit squares problem asks to �nd a maximum subset S 0 of S su
h that no twosquares in S 0 interse
t (not even at the boundary.)(a) Let S2;2 be all those elements in S for whi
h 0 � x � 1 and 0 � y � 1, i.e., anyelement in S2;2 is entirely within the [0; 2℄ � [0; 2℄-square. Explain how to solvethe independent set problem in S2;2 in time that is linear in jS2;2j.1



(b) Let S2;1 be all those elements in S for whi
h 0 � x � 1, i.e., any element in S2;1is entirely within a verti
al strip that interse
ts that x-axis at [0; 2℄. Explain howto solve the independent set problem in S2;1 in time that is polynomial in jS2;1j.(
) Give a 12 -approximation algorithm for the independent set problem in S.(d) (Bonus:) Give a PTAS for this problem.4. Maximum mat
hing (11 marks) Re
all that the Maximum mat
hing problem asks,given a graph G = (V;E), to �nd a largest possible mat
hing, i.e., a set M of edgessu
h that no two edges in M have a 
ommon endpoint. Finding a maximum mat
h-ing is polynomial, but the algorithm is fairly 
ompli
ated.1 Therefore it still makessense to apply te
hniques for NP-hard problems, espe
ially if they lead to linear-timealgorithms.(a) Formulate MaximumMat
hing as an integer program. Clearly state the intendedmeaning of variables and explain your 
onstraints.(b) Give a linear-time algorithm that 
omputes a 12-approximation for maximummat
hing.(
) Let G be a graph with maximum degree 3. Give an algorithm that tests whetherG has a mat
hing of size k that has run-time O(f(k)(n+m)), where f(k) is anyfun
tion that is independent of n and m.5. Lost 
ow with graduated pri
ing. (0 marks. This question is NOT required forAssignment 5|we won't get to this in 
lass on time| but put here to give you an ideaof what questions one 
an ask regarding online problems.)In the lost-
ow problem, our 
ost measure was exa
tly the distan
e travelled. Inpra
ti
al settings, there is a di�eren
e in 
ost depending on whether that region hasbeen explored previously or not. So 
onsider the lost-
ow problem, ex
ept that it takes1 unit 
ost to walk along new terrain, but 
 units 
ost (
 > 0) to walk along previouslyvisited terrain.(a) Using the doubling strategy, what is the worst-
ase 
ompetetive ratio in this
ost-model? What is the expe
ted 
ompetetive ratio if you start in a randomdire
tion?(b) Re
all that a geometri
 sear
h strategy is the strategy of exploring by d; d2; d3; : : : ;units (always returning to the origin and alternating sides); the doubling strategyis a geometri
 sear
h strategy for d = 2. What is the best geometri
 explorationstrategy (depending on 
) for the above 
ost model?1Knowing the algorithm is not required and will not help to answer the questions.2


