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1. (10 marks): Binomial heaps:The following pi
ture shows a binomial heap. Show the heap that would result fromapplying Extra
tMin. (There is more than one possible answer, depending on how youbreak ties. Only show one answer, i.e., break ties arbitrarily.)
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2. (10 marks): Upper HullAssume you are given a polygonal 
hain C, i.e., a sequen
e of points p1; p2; : : : ; pn su
hthat none of the line segments (pi; pi+1) interse
t (ex
ept at 
ommon endpoints.) The�gure below illustrates a polygonal 
hain with 10 points.
Given an algorithm that 
omputes the upper hull of the points of a polygonal 
hainin O(n) time. You may assume that p1 has the minimal x-

oordinate and pn has themaximal x-
oordinate among p1; : : : ; pn.
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3. (10 marks): Integer ProgramYou need to transport 400 students to Toronto, by 
ar, bus or train. 25 of the studentshave a 
ar. If a student drives a 
ar you must pay him/her $20 for gas, but he/she 
antake 4 other students along (a total of 5 students per 
ar.) You 
an also rent buses:this 
osts $400 per bus, and a bus holds 50 students. Finally you 
an send students bytrain: this 
osts $20 per student on a train.What is the 
heapest way to get the students to Toronto, subje
t to the above 
on-ditions? Formulate this problem as an integer program. Clearly state the intendedmeaning of your variables.This question is about the formulation; you need not 
ompute the optimal solutionand doing so will not give extra 
redit.
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4. (15 marks): Sorting via median-�ndingAssume that you have a data stru
ture S that supports the following operations :� S.Insert(k): Inserts an element with value k into S.� S.De
reaseKey(x, k): De
reases the key of element x to be k. Nothing is done ifk is greater than the 
urrent key of x.� S.Extra
tMedian(): Removes and returns the bn=2
th smallest element in S,where n is the number of elements 
urrently in S.(a) Give an algorithm to sort n numbers a1; : : : ; an that uses one su
h data stru
tureS and O(n) of the above three operations. All other steps of your algorithm shouldtake O(n) time. You may assume that the numbers are positive and distin
t.

(b) Give a lower bound on the running time required for a total of n operations Insert,De
reaseKey, and Extra
tMedian. (Hint: use (a) even if you did not answer it.)
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5. (10 marks): Bor _uvka's algorithmThe following pi
ture shows graph G with edge-weights. Show the graph G0 that resultsafter applying one Bor _uvka-step (for 
omputing the minimum spanning tree.) Pro
essverti
es in alphabeti
al order.
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6. (15 marks): Knights and KnavesA far-away island has n people. 90% of these people are knights: they always answerthe truth. 10% of these peoples are knaves: they may or may not answer the truth.(a) Give a (very fast and very simple) Monte-Carlo algorithm to �nd a knight. Whatis the error-probability?(b) Give a (also very simple) deterministi
 algorithm that tests whether a given personX is a knight. Your algorithm should take O(n) time. (Remark and hint: It takesO(1) time to ask one question to one person on the island.)
(
) Give a Las Vegas algorithm to �nd a knight. Your algorithm should have expe
tedrun-time O(n). (Hint: use (a) and (b) even if you did not answer them.)
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7. (10 marks): True or False?For ea
h of the following statements, indi
ate whether they are True or False. Youneed not justify your answer.If you are not sure of the answer, leave it blank. A wrong answer will give less 
reditthan no answer. TRUE FALSE(a) With Fibona

i-heaps, we 
an support Insert and Extra
t-Min in O(1) amortized time.(b) Any 
omparison-based algorithm that 
an answer thequestion \Given a set of n points, does the upper hull haveat most 666 points?" must use 
(n log n) 
omparisons.(
) If Union/Find is implemented with trees and weighted-union heuristi
 (but not path 
ompression), then the treeshave height O(log n).(d) Let T (n;m) be a re
ursive fun
tion (for any 1 � n < m)de�ned as follow:T (n;m) = 8<: 0 if m � 2nminn�d<mfT (n; d) + T (d;m) + 1g otherwiseThen T (n;m) 2 O(log(m=n)).(e) The following is a Las Vegas algorithm to �nd the mini-mumelementamong numbers a1; : : : ; an: Randomly 
hoosean index i 2 f1; : : : ; ng, and return ai.Extra spa
e below
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