
CS 483  
Assignment 4:  Minimization problems 
 
Due dates: Tues.  Mar. 15.  Thurs. Mar. 10 (to get 6 bonus marks). 
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Very often in a structural analysis, we want to approximate a secondary structural element with a 
single straight line.  In this exercise you will calculate the inertial axes for the consecutive 
secondary structures (helix, strand and turn) and then use these axes to define the end points of 
“tubes” that are drawn within the secondary structures.  If the secondary structure ribbons are 
drawn in “licorice” form, your final display should look something like this:  
 

 
 
As in the previous assignment, you will be using a starter script that the instructor has set up on 
the course website.  When you run the starter script you should get a display that looks like this: 
 

 



 
You should study the code in the mainline to discover how the end points of these three objects 
are passed over to the vr_tube function.  In this exercise, your mission is to generate a “tube 
point list” and pass it to the VRML function (called vr_tube) so that the display can generate a 
model with the tubes set up among the secondary structural elements of a protein structure.  The 
function will draw thin green tubes for strands while the helix structures will correspond to wider 
golden tubes.  The rounded end of a tube corresponds to the residue of the secondary 
structure that is farther along in the primary sequence. 
 
This exercise involves the following steps: 
 

a) Generate a tube display:  Write a Python script that can open a PDB file and generate a 
sequence of inertial axis lines, one for each secondary structure element (helix and 
strand) of the protein.  While not necessary, you may choose to handle the turn secondary 
structure (the above figure does not show tubes in the turn structures).  Caution: Be 
careful in the handling of protein chains; you do not want a tube that starts in one chain 
and continues into the next chain.  The atoms contributing to the computation of an 
inertial axis will be back bone atoms only (N, CA, and C). 
 
The code should also generate the end points defining the 3D positions of tubes that are 
to be drawn in the display.  This is done as follows:  The residues at the beginning and at 
the end of a secondary structure contain a nitrogen atom in the backbone.  You might use 
code such as: chain[resBegin].findAtom('N').coord() , for example, when you want to get 
the PDB coordinates of that atom object.  Your script should have a function that will 
find the vertical projection of this atom onto the inertial axis.  Doing this for both the 
begin residue and the end residue will get two points on the inertial axes that define the 
end points of a tube.  After all the end points are set up in the tube point list, they can be 
passed to vr_tube for display.  Hand in the script along with session files for 1MBO and 
2FIF. 
 

b) Recursive tubing:  While the inertial axis provides a simple approximation for a 
secondary structural element, it does not do well when the secondary structure involves a 
sudden bend.  In the 1MBO display on the previous page, you will notice that there is a 
tube that is, at times, outside of its helix structure.  In this part of the exercise you are to 
modify the previous script so that it uses a divide and conquer approach to the placement 
of tubes within secondary structures.  The goal is to get a display such as: 



  
 
Note that the front most helix now has two tubes in place of the single tube generated in 
the previous 1MBO display.  There are several ways to achieve this and you should use 
your own ingenuity to devise a reasonable strategy.  If you are running out of time, here 
is the simple divide and conquer strategy that I used: 
 
For each secondary structure, compute the distances between the alpha carbon atoms and 
the inertial axis.  If the maximum distance is less than some pre-specified tolerance (say 
3.5 Angstroms) then the axis is considered to be a faithful representation of the secondary 
structure.  If the maximum distance is greater than the tolerance, then the set of residues 
in the secondary structure is split into two shorter helices and the end point generation 
function is called for each one.   
For this exercise, hand in the scripts and the session files for 1MBO and 2FIF. 
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In biochemistry, we have seen several structures in which the atoms are almost coplanar, for 
example, aromatic rings and heme rings.  The last example is seen in the myoglobin protein: 
1MBO.  In this exercise, we wish to calculate the equation of the “best” plane that goes among 
the “almost planar” atoms.  In this case, the best plane will be the plane that minimizes the sum 
of the squares of the distances between the almost planar atoms and the plane.  We call this the 
least squares plane. 
 
Suppose we wish to find the equation of the least squares plane for the heme ring of 1MBO.  We 
know that three points can define a plane, but which three should we pick?  Since making a 
choice of some particular set of three atoms would involve some bias, a reasonable approach 
would be to use more than three atoms, the idea being to find a plane that goes among the atoms 



of the heme ring and minimizes the sum of the squared distances measured from the atoms to 
that plane. 
 
If you use Chimera to view the heme ring of 1MBO “on edge”, you will see that most of the 
atoms are coplanar except for nitrogen ‘NA’ which seems to be pulled out of the plane, probably 
due to the chain ending in ‘O1A’ and ‘O2A’.  So, we will make the somewhat arbitrary decision 
to go with 12 carbon atoms, as specified in the following Python “hit list”: 
hitList = ["CHA", "C1A", "C4A", "CHB", "C1B", "C4B", "CHC", "C1C", "C4C", "CHD", "C1D", "C4D"] 
 

 
 

In the discussion to follow, we will designate the hit list atoms as: ( ) 1, 2, ,ia i n= � .  The ith atom 

in the list, ( )ia  will have coordinate vector ( ) ( ) ( )( )T
, ,i i i

x y za a a .  The goal of this exercise is go through 

a sequence of steps that will derive the formula for the least squares plane.  The derivation will 
be somewhat similar to the derivation of the inertial axis seen in the last part of Unit 08.  We 
wish to minimize: 
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where id  represents the perpendicular distance between atom ( )ia  and the least squares plane.   

Note that, using vector notation, we can derive the equation of a plane as follows:  Let R be a 
vector going from the origin to the plane meeting it in perpendicular fashion, i.e. R is normal to 
the plane.  Consider P to be any point in the plane.  Then the vector P – R can be considered to 
lie in the plane and hence perpendicular to R, as shown in the next figure.  Since P – R is 
perpendicular to R we have the inner product of P – R and R equal to zero. This is the equation of 
the plane since it characterizes all points P in the plane: 
  

( )T
0.P R R- =  



 

 
 

The derivation strategy can now proceed as follows:  Given ( )ia  calculate 2

id  in terms of R and 

then express S in terms of R.  We would then seek to find the components of R that minimize S.  

If we assume that ( )T
, , ,x y zR r r r=  this minimization can be attempted by calculating partial 

derivatives with respect to the components of R and then setting these partial derivatives to zero.  
Unfortunately, the equations arising from the partial derivatives are quite complicated and 
difficult to solve.  You might want to verify this (although it is not part of the assignment).   

It so happens that a better representation of R is R = mN where ( )T
, ,x y zN n n n=  is a unit vector 

that essentially specifies the direction of R (much like w did for the inertial axis in Unit 08) and 
m is a simple scalar that specifies the length of R.  This representation of R is somewhat counter-
intuitive because, instead of only three variables( ), , ,x y zr r r  we are now concerned with four 

variables: nx, ny, nz, and m. Note that since N is a unit vector we have NTN = 1 which is a 
constraint acting on N.  The presence of a constraint turns this into a Lagrange multiplier 
problem which has a reasonably straightforward solution.  You should now proceed by providing 
answers for the following questions: 
 
a) Suppose ( )ia  represents the coordinates of an atom that is not on the plane defined by R = mN.  

Derive the formula for ( )id  in terms of m,  N, and ( )ia .  Provide a diagram that shows how 

R, ( ) ,id ( ) ,ia  and the plane are related to one another. 
 

b) Considering the definition of S and the constraints involved, clearly state the minimization 
problem that we are trying to solve.  Then give the Lagrange formulation of the problem.  
 
 

c) Continue working with the Lagrange multiplier procedure by calculating the usual partial 
derivatives which are then set to zero. What is the equation defining the value of the scalar m? 

 
 



d) Now suppose that the coordinates of all the ( ) 1,2, ,ia i n= �   are not the coordinates given by 
the PDB file but instead the PDB coordinates translated so that they are in a frame of 
reference with the origin at the centroid of the hit list atoms.  That is: a(i) = p(i) – C was 
computed prior to the beginning of our discussion.  Here ( ) 1,2, ,ip i n= � are the PDB 
coordinates of the hit list atoms and C is the centroid of all these atoms.  In other words: 
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Show that this gives us ( )
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=� .  Considering this last equation, show that m = 0. 

 
e) Consider the equation that you derived when you set 0.L N¶ ¶ =    What does this equation 

become when you set m = 0?  Now, define A to be the 3 by n matrix with column i given by 
coordinate vector a(i).   Use the 0L N¶ ¶ =  equation to derive a relationship between A and 
N.  It should be an eigenvector equation. 
 
�

f) Now that you have derived the eigenvector equation, show how you would use one of its 
eigenvectors to define the least squares plane.  Be sure to explain which eigenvector is 
needed for the solution. 
�

g) To test your derivation, write a Python script that does the following:  �
�� Open the PDB file for 1MBO, a protein that contains a heme ring.�

��� Access all atoms in the hit list and use them to compute the unit direction vector N which 
defines the orientation of the required least squares plane.  �

���� Compute the 12 points in the plane that are the projections of the hit list atoms onto this 
plane.�

���  To verify that you code is working, the script should draw 12 blue triangles.  Each 
triangle has an edge that is a straight line between two consecutive projection points.  In 
this case, “consecutive” is defined by the hit list and, of course, we consider ‘CHA’ to be 
after ‘C4D’.  All triangles share a common vertex, namely the centroid of the atoms in the 
hit list.  To generate these triangles in the display you should use the triangle generation 
code described in the Surface Specification section of the page at the following URL: 
http://www.cgl.ucsf.edu/chimera/docs/ProgrammersGuide/Reference/surface.html .   
The heme ring within the myoglobin molecule should contain a blue plane with an 
appearance like that of the first figure in this exercise.�

 
Hand in your derivation, the script and a session file. 
 
 
 

 �
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Section 2.2.3.2 of your text discusses the tertiary structure of myoglobin.  Recall that the bond 
within the oxygen molecule is tilted so that the two oxygen atoms and the iron atom are not 
collinear.  Let us suppose that we want to measure the angle made by the bond in the O2 
molecule with the plane of the heme ring:  

 
The angle a may be determined using the equation: 

( )sin /g h ba = -  

where b is the bond length, h is the distance of O1 to the plane and g is the distance of O2 to the 
plane.  You can also use a cosine formula if you first compute the distance between the points 
representing the intersections of these perpendiculars with the plane.   
 
 
This exercise involves the following steps: 

a) Add code to the script of Exercise 2 allowing it to calculate the angle between the least 
squares plane and the O2 molecule (as described at the beginning of this exercise).  
Return the angle measured in degrees. 

b) As discussed earlier in the course, heme rings are found in both hemoglobin and 
myoglobin.  The iron in the heme ring can also interact with carbon monoxide and 
cyanide.  In each of the latter two cases, the bond in the molecule also makes an angle 
with the heme plane, but it tends to be closer to 90 degrees.  Fill in the following table: 

 
Source Molecule PDB ID Angle 
Corynebacterium diphtheria Heme oxygenase 1V8X  
Human       oxyhemoglobin      1HHO  
Sperm Whale oxymyoglobin    1MBO  
Human     carbonmonoxy hemoglobin 1BBB  
mycobacterium tuberculosis Hemoglobin with cyanide 1RTE  



 
               Describe the function of 1V8X. 
 
Hand in: Send in your documented script file (with enough information to show that your 
program works).  You will need to send in an image for part (b) similar to the above figure (the 
extra black lines and labels are not needed).  Do not bother with session files since Chimera does 
not seem to retain these triangles in a session.  Email the following to the TA: the script, table 
and text (description of 1V8X functionality).   
 
 
End of Assignment 4. 

Marks: 
Exercise 1: [15+8 = 23] 
Exercise 2: [5+2+5+2+5+3+10 = 32] 
Exercise 3: [4+7 = 11]  
Total:   66 
The assignment will be marked out of 60. 


