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PROBLEM: MINIMUM LENGTH TRIANGULATION

d3

q4

‘qs

de

 Find: a triangulation of P such that the sum of the
perimeters of the n — 2 triangles is minimized

* Input: n points q4, ..., g, IN 2D space
that form a convex n-gon P a1

* Assume points are sorted clockwise
around the center of P

q

« Output: the sum of the perimeters of the triangles in P



HOW HARD IS THIS PROBLEM?
P200998 ¢S
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How many triangulations are there?

Number of friangulations of a convex
n-gon = the (n — 2)nd Catalan number

nnnnnn

/4

2005908 Jicen besevn gl
eSOV S

4

eeeRLVIOS

\



The edge q,,q; is in a triangle with a third vertex q, where
ke{2,...,n—1}.



M g
0 . e 0 - 0 o.o SPACFO IO I I I T IR FCIL IS LI L FC I I L I AL I 9.0.", 0.0.,‘9 0 ~Q- ‘;SV
PO FCIC 0 L S ICICIE SC X0 X 30 3L 3 S IE S S 2 3 3 S L 3 X

. e
¥ o] e :’tZa‘v ioso \
ooo .
6600 e .-. .i
%u. JIV
....-‘.b‘..‘.b.‘—..d......

b o0 ,\/‘J\ “' "0"0‘..0..'0‘..0"..0"0.0'. DOOCOOOOOOOOOOOOOOOOOOOOO0

The edge q,,q; is in a triangle with a third vertex gy, where
ke{2,...,n—1}.

For a given k, we have:

the triangle q191q,, (1)




PROBLEM DECOMPOSITION

The edge q,,q; is in a triangle with a third vertex q, where
ke{2,...,n—1}.

For a given k, we have:

the triangle ¢19xq,,, (1)
the polygon with vertices q1,...,qx, (2




PROBLEM DECOMPOSITION

The edge q,,q; is in a triangle with a third vertex g, where
ke{2,...,n—1}.

For a given k, we have:

the triangle ¢19xq,, (1)
the polygon with vertices q1,...,qk,  (2)

the polygon with vertices gx,...,qn.  (3)




PROBLEM DECOMPOSITION

The edge q,,q; is in a triangle with a third vertex ¢, where
ke{2,...,n—1}.

For a given k, we have:

the triangle ¢19%q,,, (1)
the polygon with vertices q1,...,q¢, ()

the polygon with vertices gk, ...,qn.  (3)

The optimal solution will consist of optimal solutions to the two
subproblems in (2) and (3), along with the triangle in (1).




PROBLEM DECOMPOSITION

The edge q,,q; is in a triangle with a third vertex ¢, where
ke{2,...,n—1}.

For a given k, we have:

the triangle ¢19%q,,, (1)
the polygon with vertices q1,...,q¢, ()

the polygon with vertices gk, ...,qn.  (3)

The optimal solution will consist of optimal solutions to the two
subproblems in (2) and (3), along with the triangle in (1).




RECURRENCE RELATION

e Let S(i,j) = optimal solution to the subproblem
consisting of the polygon with vertices gq; ...q;

qx
* Let A;;, denote perimeter(®: )
qj

- If a given triangle q;,q;.q; is in the optimal solution,

then S(l,]) — S(l, k) + Aijk P S(k,]) qi+1

Ark+1
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RECURRENCE RELATION

« But we don’t know the optimal k
« Minimize over all k strictly between i and j

"DASA Q

>
S, f) = ”r<nk1£1]{5(l k) + Ay + Sk, ])} ifj =1+ 2

L0 otherwise
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>
SG,j) = 12‘}(‘2,{5(‘ k) + Ay + Sk, j)} ifj=i+2

otherwise




RUNTIME SGi,j) = Jz‘,jg-{sﬁr k) + Ay + Sk, )} ifj =i+ 2

WORD RAM MODEL 0 otherwise

« Number of subproblems: n?
» Time 1o solve subproblem S(i,j): 0(j — i) € 0(n)
» So total runtime is in 0(n3)

« Some effort needed to show Q(n?), since so many
subproblems are base cases, which take (1) steps

 Incidentally, this is polynomial time (in the input size)

« But basic runfime analysis
does not require such an argument
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SUBSEQUENCE | et

- ..

Z =(z1,...,2p) is a subsequence of X if there exist indices
1 <31 <--- <1y <msuch thatzj::r:ij, 1 <5<V

Similarly, Z is a subsequence of Y if there exist (possibly different) indices
1 <hy <---<hg<nsuchthat z; =y, 1 < j <L

—4



EXAMPLES

« X=aaaaa Y=bbbbb
» /=€ ([empty sequence)
« X=abcde Y=bca
e /=bcd
« X=abcde Y=labef

e /=abe

7=L.CS(X,Y)=2

7=LCS(X,Y)=2

7=LCS(X,Y)=2
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POSSIBLE GREEDY SOLUTIONS?

» Alg: for each x; € X, try to choose a matching y; € Y

that is to the right of all previously chosen y; values
« X=abcde Y=|labef
« X=abcde Y=labef
« X=abcde Y=labef [no suitable y; found]
« X=abcde Y=labet [no suitable y; found]
« X=abcde Y=labef

[=abe Optimale



POSSIBLE GREEDY SOLUTIONS?

» Alg: for each x; € X, try to choose a matching y; € Y
that is to the right of all previously chosen y; values

« X=azbracadabra Y=abracadabraz
« X=azbracadabra Y=abracadabraz
- Xgf zbracadabra Y=abracadabraz [no y; affer z

Blindlyteking zisbad. " racadabra  Y=abracadalbraz [no y; after z

How to decide whether —

IS 1AL e [IS6Ve 26 Similar greedy alg that goes
R Oticn g2 right-to-left works for this input,
Try both possibilities! : but fails for other inputs.

(Brute force / dynamic
programming)

17



DEFINING SUBPROBLEMS

* Full problem: |LCS(X,Y)| (i.e., length of LCS)
 Reduce size by taking prefixes of X orY
* let X; = (X1, ...,x) and ¥Y; = (yq, -, Vi)

Xn| X X2 X3 X4 .o Xm—1 | Xm

X4_ X1 Xy X3 X4

* Note X =X, and Y =Y,
» Subproblem: |LCS(X;,Y;)|

* Shrinking the problem: remove the last letter of X or Y



BUILDING SOLUTIONS FROM SUBPROBLEMS
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BUILDING SOLUTIONS FROM SUBPROBLEMS

EXAMPLE #2

_.




BUILDING SOLUTIONS FROM SUBPROBLEMS

EXAMPLE #3
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SUMMARIZING CASES

« z, matches neither x,,, nor y, AT e S e

* z, matches x,,, but not y, e ES Yo )

* Z, matches y, but noft x,, e T St

* z, mafches both e e s o e i p

... but we don’t know z,
 Try all cases and maximize
» Careful: last case is only valid if x,, = y,,

Also note x,, = y,, only holds in the last case
« Cases 2&3: trivial
 Case 1:if x,,, =y, # zp then we can improve Z (conira) ,,



DERIVING A RECURRENCE

z, matches neither x,, nory, (x,,, # v,,) Z = LCS(X;;,_1, Y1)

Recall Z = LCS(X,,,, Y3,)

z, matches x,,, but noft y, Rt e G S (X Yr— 1)

zp, matches y, but noft x,, e R T el

z, matches both
Let (i, j) = |LCS(X;,Y;)

Brainstorming sensible base cases

e [ =0 one string Is empty, so ¢(0,j) = 0 (similarly for j = 0)

General cases
c(i,j) =ci—1,j—1)+1
c(i,j) =max{c(i—1,j —1),c(i,j —1),c(i—1,))}

if x,, =y,
it x,,, =y,

(Xm = Yn) = LCS(X—1, Y1) + 2,
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RECURRENCE

« Combining expressions
0 ifi=0o0rj=0
c(i, 1) = % ek bk kel ifi,j = 1and x; = y;
maxielh fkslisspietbeieit 7 =2 Land x; # y;

« Can simplify!
» Observe c(i—1,j—1) < c(i—1,))
(former is a subproblem of the latter)
0 ifi=00rj=0
ei.=4c=Lj=1)}+1 ifi,j =1and x; = y;
max{c(i,j —1),c(i—1,j)} ifi,j =1andx; #y;
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(0 ifi=0o0rj=0
c(i,j)={ci-1j-1)+1 iy Lj = landx; =y;
(max{c(i,j = 1,ci =1L} ifij=T1andx; #y;

g ol v e g t a
1 2 3 4 5) 0 7
7 =0 Question 1

g 1 Q3 1 | Q¢

v 2 Q4 1 | Q7

C 3 OF)

e 4 Q2

k 5)

S 0

t 7
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ifi=0o0rj=0

(0

if i,j = 1and x;

(max{c(i,j = 1,ci =1L} ifij=T1andx; #y;

.....

.....

P O

o1V Tew)

a0 > O O

26



PSEUDOCODE

Algorithm: LCSI(X = (zq,...

(0 ifi=0o0rj=0

c(i,j)=4ci—1j-1)+1 if Lj 2 1andx; = y;

fori <~ 0Otom

C

1,0] < 0

for j < Oton

C

0,] <0

fori<— 1tom

for j < 1ton

if Ly =1Y;

kmax{c(i,j —1,c(i—1,j)} ifi,j=1andx; #y;

,Q?m),Y — (y17°°°ayn))

Complexity:
Space? Time?
(word RAM model)

©(nm) for both

then c[i,j] <+ cli—1,7—-1]+1
else c[i, j] <+ max{c[i,j —1],c[i — 1, 7]}

return (c[m,n));
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To make it easy to find the actual LCS (not just its Iength),g

STOOOO0OK SOOSEEEEEE

(0 ifi=0orj=0
c@—1j-1D+1 if i,j = 1andx; = y;
kmax{c(i,j - 1),c(i—=1,))} ifi,j=1andx; #y;

A
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SAVING THE DIRECTION TO

S2(X[1..m], Y[1..n])
c = new array[0..m][0..n]
T = new array[O..m][O..n]

0..m do c[i][0]
0..n do c[0][]]

i n
o o

for 1 = 1..m

for j = 1..n

if X[1i] = Y[]]
c[11[3] = c[1-1]1[]J-1]1 + 1
n[i][j] = "IJ"

else if c[i1[-1] > c[i-11(1] | Cwmsercp=cGi-D
n[i][j] = "J"

else // c[i][j-11 <= c[i-11[]j]
c[i1[j] = c[i-1]1[]]

T[[i] [j] - ||I||




atels
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L
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Suppose X = gdvegta and Y = gvcekst.

Example

PO 0 M n
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FOLLOWING PREDECESSORS TO COMPUTE THE LCS

1 FindLCS(c[0..m][0..n], m[O..m][O0..n], X[O..m])

p) lcs = new string

3 i =m

4 J=n Complexities of this
> _ .

6 while i>0 and j>0 frace bC;CTI,( CI|g70.
7 if n[il[j] == "1J" Space? Time?

8 lcs.append(X[i]) (word RAM model)
9 i-- = |
10 I

112 elsej}f LA = e space: O(n+m) words
13 else // m[i][]j] == "I" .

14 i-- time: O(n+m)

15

16 return reverse(lcs)

31
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So this is likely just an exercise for you...

32



N CHANGING
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Coin Changing

What subproblems should be considered?
What table of values should we fill in?

There is a
denomination
with unit value!

In O-1 knapsack, we only considered
two subproblems in our recurrence:
taking an item, or not.

Here we can do more than
use a coin denomination or not.

34



Let N|i,t| denote the optimal solution to the subproblem consisting of
the first 7 coin denominations di,...,d; and target sum ¢.

Exploring: some sensible base case(s)?

General case:
What are the different ways we could use coin denomination d;¢
What subproblems / solutions should we use<

Final recurrence relation

35



Let N|i,t| denote the optimal solution to the subproblem consisting of
the first 7 coin denominations di,...,d; and target sum ¢.

Also N[i,0] = 0 for all i

Since di = 1, we immediately have N|1,t] =t for all .

General case:
What are the different ways we could use coin denomination d;¢
What subproblems / solutions should we use<

Final recurrence relation
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Let N|[i,t] denote the optimal solution to the subproblem consisting of

the first ¢ coin denominations d1,...,d; and target sum ¢. —
Since di = 1, we immediately have N|1,t] =t for all .

For i > 2, the number of coins of denomination d; is an integer j where
0 <5< |[f)dy.

If we use j coins of denomination d;, then the target sum is reduced to
t — jd;, which we must achieve using the first ¢ — 1 coin denominations.

Thus we have the following recurrence relation:

N[ t]— min{j—l—N[’i—l,t—jdi]IOSjSI_t/diJ} ifz’22
R P ifi—1 ORt=0

37



FILLING THE ARRAY

mind{j + N[i — 1,6 —jd;] : 0 < j < |&/di|} ifi>2 .

Nl =

. LS m L L E s EEEE o E BB B R BB R —————.
------------

i-axis
(cointype) o

(recall: NJi, t]
uses coin
types 1..i)

t-axis (farget sum remaining)
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FILLING THE ARRAY . t]{min{j+N[z'—1,t—jd,;]:0§jg t)di]} ifi>2
N[1..n,0..T]: Bt ifi—1.

ORt=0

i-axis
(coin type) o

(recall: NJi, t]
uses coin
types 1..i)

t-axis (farget sum remaining)
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FILLING THE ARRAY Vi

Imm{j—l—N[z—lt jd] 0<3<Lt/dJ} if 5 > 2

N[1..n,0..T]: (7 Fi=1.

ORt=0

i-axis
(coin type)

(recall: NJi, t]

uses coin
tvoes 1. i j It is sufficient to fill:
YR ) row i=1 (base case), then

for(i=2..n),for(t=0..T)
OOOOOOOPOOOCOOS

We only look at the
previous i-row!

t-axis (farget sum remaining)

40
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CoinChangingDP (d][ 1, T)

C . - gl 0 < i< 7:
N, f] — min{j + N[t — 1,t — jd;| : 0 < j < |t/d;]|}
N = new table[ 11 ]

t

if 1> 2
if 1 =1.

J = new table] 110 ]
for t = // base cases where i=1
N[1][t] = t ] . . !
I[1][t] = t Jli, t] = # of coins of fype d; used in N[i, t]
for 1 = // dgeneral cases using other coin types
for t =
// initially best solution is 0 of d[i]
N[il[t] = N[i-1][t] Compute min{...} over
J[i]l[t] = j=0..[t/d;]

// try >0 coins of type d[i1]
for j = (t / d[1])
if j + N[1-1][t-j*d[1]] < N[1][t]
| N[1][t] =3 + N[1-1][t-3*d[1]]
J[1][t] = 3 // best 1is currently j of d[i]

return N[n][T] // can also return N, J
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OUTPUTTING OPTIMAL SET OF COINS

1 CoinChangingDP_coins(d[1..n], J[1..n]1[0..T1)

2 counts = new array[1..n]

3 t =T

g éfor ioanzé [1] = J[A][t] Recall J[i, t] = # of coins of type d; used in NJi, t]
6 t =t - counts[i]*d[1] We start at J[n][T] = # of coins of
7 type d,, used in the optimal solution
8 return counts

Exercise for later:
compute the correct output

without using J[i, t]

B I T Tl a Ve B al a2l AVWAN .V Y. B A
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CoinChangingDP(d[1..n], T)
N = new table[1l..n][0..T]
J = new table[l. . n][0..T]

for t = 0..T // base cases where i=1
N[1][t] = t
J[1][t] = t

for 1 = 2..n // general cases

for t = 0..T
// initially best solution 1is 0 of d[1i]
N[i][t] = N[1i-1][t]
J[1][t] = 0O

// try 3>0 coins of type d[1i]
for j = 1..floor(t / d[1])
if j + N[1-1]J[t-j*d[1]] < N[1][t]
| N[1][t] =3 + N[1-1][t-3*d[1]]
J[1][t] = j // best 1is currently j of d[1i]

return N[n][T] // can also return N, J

Time complexity?

Unit cost computational
model is reasonable here

If Tis small, this is much

better than brute force




MEMOIZATION: AN ALTERNATIVE TO DP

Recall that the goal of dynamic programming is to eliminate solving
subproblems more than once.

Memoization is another way to accomplish the same goal.

Memoization is a recursive algorithm based on same recurrence relation as
would be used by a dynamic programming algorithm.

The idea is to remember which subproblems have been solved; if the same
subproblem is encountered more than once during the recursion, the
solution will be looked up in a table rather than being re-calculated.

This is easy to do if initialize a table of all possible subproblems having the
value undefined in every entry.

Whenever a subproblem is solved, the table entry is updated.

44



EXAMPLE: USING MEMOIZATION TO
COMPUTE FIBONACCI NUMBERS EFFICIENTLY

If M[n] is already
computed, don’t
recurse!

main procedure RecFib(n)
for i < 2 to 1 ifn=0 then f+ 0
_ elseifn=1 then f <1
do M|i] + —1 else if M[n] # —1 then f + M]n]
return (RecFib(n)) f1 < RecFib(n — 1)
olse fa < RecFib(n — 2)
f < i+ [
Min| < f

return (f);
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VISUALIZING MEMOIZATION

procedure RecFib(n)
ifn=0 then f+ 0

elseifn=1 then f + 1
else if M[n] #% —1 then f < M]|n]

Done! |74 =3 Already done!

( f1 + RecFib(n — 1)
fa < RecFib(n — 2)

N\

else <

/ <[_]f1 + f2 Already done!
| Mn| <+ f
return (f); AN
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