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1. (10 marks): Travelling Salesman Problem

(a) Apply the Christo�des heuristi
 to the instan
e of Travelling Salesman given

below. Show some intermediate steps. For your 
onvenien
e, there are three


opies of the graph. Clearly indi
ate whi
h 
opy 
ontains the �nal answer, i.e.,

the tour of the graph.
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(b) The optimum tour in this graph has length 8, while the tour you found in (a)

should have had length more than 12. But in 
lass we showed that the Christo�des

heuristi
 is a 1:5-approximation. Why is this not a 
ontradi
tion?
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2. (18 marks): 2-SAT and Max-2-SAT

Consider the following set of 12 
lauses:
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(a) Argue that this instan
e of 2-SAT is not satis�able.

(b) Give an assignment of boolean value to variables x

1

; : : : ; x

5

su
h that the number

of satis�ed 
lauses is at least

3

4

times the optimum number of satis�ed 
lauses.

Brie
y explain how you obtained your assignment.
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3. (14 marks): Maximum Cut

The Maximum Cut problem is the following problem: Given a graph G = (V;E), �nd

a set of verti
es C su
h that the number of edges in the 
ut, i.e., the number of edges

where one endpoint is in C and the other endpoint is not in C, is maximized. The

�gure below shows a graph with a 
ut of size 13.

C

C

(a) Consider the following randomized algorithm: For ea
h vertex v 2 V , add v to C

with probability

1

2

. Prove that this is a

1

2

-approximation algorithm for maximum


ut.
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(b) Give a deterministi
 polynomial-time

1

2

-approximation algorithm for Maximum

Cut.
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4. (10 marks): APX-hardness

Re
all that Clique is the problem of �nding a maximum set C of verti
es in a graph

G = (V;E) su
h that any pair of verti
es in C has an edge between them.

Prove that Clique is APX-hard. You may use without proof that the following problems

are APX-hard: Max3SAT, VertexCover, IndependentSet, TSP, Max2SAT(2L).
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5. (10 marks): Dominating set

A dominating set in a graph G = (V;E) is a set D of verti
es su
h that for any vertex

v 2 V , either v or a neighbour of v is in D. The dominating set problem is the problem

of �nding a minimum dominating set.

Figure 1: A graph with a dominating set D (boxed verti
es.)

Give an algorithm that tests whether a graph G with maximum degree 5 has a dom-

inating set of size k. Your algorithm should be �xed-parameter tra
table in k. State

the run-time of your algorithm. (You may use O

�

-notation if you want.)
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6. (10 marks): Hexagonal grid graph

Re
all that a hexagonal grid graph of height h and width w is any graph G that is a

subgraph of the following graph:

h

w

(a) Argue that 
omputing the size of a minimumvertex 
over is polynomial in hexag-

onal grid graphs of height h if h is a 
onstant.

(Hint: This is meant to be easy.)
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(b) Give a PTAS for minimum vertex 
over in hexagonal grid graphs. It suÆ
es to

sket
h the main ideas; you need not give all details.
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7. (8 marks): Bin pa
king

(a) Apply the �rst-�t algorithm to pa
k the following items into bins of size 1:

38

240

:

81

240

;

39

240

;

37

240

;

82

240

;

121

240

;

80

240

;

Your drawing need not be to s
ale, but indi
ate 
learly whi
h item has been pla
ed

in whi
h bin. You may not need all bins.

(b) Does the pa
king you obtain use the minimum possible number of bins? Justify

your answer.
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8. (12 marks): Lost 
ow problem

Consider a variant of the lost 
ow problem where

there are three possible ways to go. Thus, you

are standing at a point from whi
h there are three

paths P

1

; P

2

; P

3

. On one at the paths (you don't

know whi
h one), at distan
e x

�

(you don't know

x

�

, but x

�

� 1), there is a target that you need to

�nd.

target

you're here

d
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e
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�

Give a strategy to �nd the target. Argue that your strategy is 
-
ompetetive for some


onstant 
. (Any 
onstant will give you full 
redit; some bonus marks may be had if

you make 
 espe
ially small.)
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9. (8 marks): Online mat
hing problem

The online mat
hing problem is de�ned as follows. You are given a graph in an online

fashion as follows: Initially the graph is empty. Ea
h next step either adds a vertex,

or it adds an edge for whi
h both endpoints had been added previously. Every time

an edge e is added, you need to de
ide whether to in
lude e in a set M (whi
h was

initially empty.) M must be a mat
hing at all times. On
e an edge has been added to

M , it 
annot be removed from it.

Give an algorithm for the online mat
hing problem that �nds a mat
hing of at least

half the size of a maximum mat
hing in the �nal graph. Justify your answer.


